The steady, viscous flow and mixed convection heat transfer of an incompressible electrically conducting fluid within a vertical cylindrical annulus with moving walls are investigated. This annulus is under the influence of a radial magnetic field and the fluid is suctioned/injected through the cylinders' walls. An exact solution of the Navier-Stokes equations and energy equation is derived in this problem where heat is transferred from the hot cylinder walls with constant temperature to the cooler moving fluid. The role of the movement of the annulus walls is studied on the flow and heat transfer of the fluid within the annulus, for the first time. The effects of other parameters, including Prandtl number, Hartman number, mixed convection parameter, suction/injection parameter and ratio of the radius, on the behavior of the flow and heat transfer of the fluid is also considered. The results indicate that if, for example, the internal cylinder wall moves in the direction of z-axis and the external cylinder is stationary, the maximum and minimum heat transfer occur on the walls of internal and external cylinders, respectively. Moreover, the augmentation of the radius ratio between the two cylinders increases the rate of heat transfer and decreases the shear stress on the wall of the internal and external cylinders, however, the results on the wall of external cylinder are exactly the reverse. Consequently, by changing the effective parameters used in this paper, the flow of the fluid can be controlled and the heat transfer of the fluid can be improved.
Introduction
In recent years, increasing the efficiency and reducing the size of heat transfer instruments have always been of interest to the researchers. It is worth mentioning here that different methods, such as the use of fins, suction/injection and vibration of heated surfaces in the flow of the fluids, were used to adjust the rate of heat transfer. In this regard, its effects on the flow of the fluids was explored in the form of boundary conditions, different geometries as well as various solving methods. The mixed convection heat transfer has always attracted the attention of the researchers due to its applications in the cooling of electronic components, food industry, heat exchangers, metal melting industry, solar collectors and so on [1] . Thus, the problem of heat transfer in vertical cylindrical annulus with suction/injection, containing an electrically conducting fluid exposed to the radial magnetic field, is of great importance. Iannello et al. [2] gained analytical solutions for vertical flow and mixed convection heat transfer within annular and conventional rod bundle subchannel geometries.
The flow was assumed fully developed and in laminar regime. The results of their research represented the correlation of Nusselt number and friction coefficient on the wall with the mixed convection parameter. Barletta [3] studied mixed convection of laminar and fully developed power-law fluid flow in a vertical annular duct analytically. He solved governing equations and attained results for the velocity, viscous stress and temperature fields. The obtained velocity profile represented the reverse flow in the specified values of the mixed convection parameter. It was reported that the values of this parameter are dependent on the ratio of the radius of the annulus. Avci and Aydın [4] performed an investigation on mixed convection flow in a vertical micro-annulus produced by two concentric micro tubes. By considering fully developed flow, they indicated that increasing the mixed convection parameter intensifies heat transfer as rarefaction effects considered by the velocity slip and temperature jump in the slip flow regime diminish it. Jha et al. [5] investigated the combined effects of suction/injection and wall surface curvature on natural convection flow in a vertical annular microchannel. They discovered that for the internal cylinder, in case of injection at internal cylinder and simultaneously suction at external cylinder with growth of fluid-wall interaction parameter, skin-friction declines while the result was just opposite at the external cylinder.
Magneto-hydrodynamics (MHD) occurs when electrically conducting fluid is affected by the magnetic field. Lorentz force is one of the most important phenomena that arise in such matters. The flow of fluid which is influenced by the magnetic field is used for the purpose of cooling electronic systems, electrical transformers, biochemical and physical phenomena such as geological phenomena, atmospheric flows, and the like [6] . For example, the presence of convection flows in casting industry leads to the emergence of a heterogeneous in the casting piece. It is notable that the amount of these convection flows can be reduced with the help of magneto-hydrodynamics. However, in some related problems in which the cooling of the fluid is intended the operating fluid may inadvertently and forcedly be affected by the magnetic field and thus results in reducing the value of heat transfer which is not indeed desirable. Therefore, in these cases, the researchers are looking for some strategies to increase the amount of heat transfer for rectifying the depletion effect of magnetic field. An example of this phenomenon can occur for an electronic piece that is influenced by a magnetic field and cooled by a fluid. Singh et al. [7] examined natural convection in vertical concentric annuli. They considered that the fluid flow is fully developed and annuli exposed to radial magnetic field. They solved governing equations exactly and concluded that Hartmann number lessened both skinfriction and mass flow rate. Jha et al. [8] studied magnetohydrodynamic natural convection flow in a vertical microchannel. They considered suction/injection on the walls of microchannel and found out that as suction/injection, rarefaction and fluid-wall interaction enhance, the volume flow rate increased while it diminished with the increase of Hartmann number.
Freidoonimehr and Rahimi [9] conducted an exact solution for nanofluid flow and heat transfer and also entropy generation analysis. They considered that fluid flow is in the steady-state and laminar regime and it exposed to a magnetic field. Their results revealed that averaged entropy generation number for both copper and aluminum oxide nanoparticles is the largest and the lowest, respectively.
Jha and Aina [10] analyzed MHD natural convection flow of electrically conducting fluid in a vertical cylindrical annulus microchannel in the presence of imposed radial magnetic field. They found out that in a constant Hartmann number, the skin friction profiles in the presence of induced magnetic field were higher compared to the case when the induced magnetic field was overlooked.
Investigating the annulus wall movement and its effects on flow and heat transfer, is applicable in the processes of construction and cooling of thermal equipment, such as extrusion and drawing process in manufacturing, polymer coating inside a tube, simulation of a train passing a long tunnel, cooling process like hot rolling, nuclear reactors and nuclear fuel channels [11] [12] [13] . Shigechi and Lee [14] surveyed the flow and heat transfer behavior of annuli with moving wall. Considering laminar and fully developed flow, they concluded that with increasing the velocity of the moving wall, skin friction decreases and the changes in the Nusselt number forcefully depend on the thermal boundary conditions. Kim [15] examined the unsteady laminar flow of an electrically conducting fluid in a vertical porous moving plate. The results revealed that in a given magnetic field increasing the values of the suction parameter causes a slight increase in the skin friction coefficient. It was also observed that in different values of the Prandle number, as the suction parameter increases, the heat transfer decreases. Chamkha [16] analytically investigated the flow and heat transfer of a vertical moving plate in the presence of a magnetic field. The results showed that with increasing heat absorption coefficient, Nusselt number and skin friction coefficient decrease. Other researches related to the annulus geometry are available and details can be found in existing literatures [17] [18] [19] [20] [21] [22] [23] [24] [25] .
Here, the problem of magneto-hydrodynamic flow and heat transfer of an electrically conductive, viscous, incompressible fluid inside an annulus is considered in a complete range of moving walls. Effect of this movement of the walls is examined on the behavior of the flow and heat transfer of the fluid for the first time, along with the effect of other parameters including Prandtl number, Hartman number, mixed convection parameter, suction/ injection parameter and ratio of the radius. The results indicate that by changing the effective parameters used in this paper, the flow of the fluid can be controlled and the heat transfer of the fluid can be improved.
In the remaining the problem statement, governing equations, boundary conditions and credibility, results and discussions, and conclusions will be presented.
Problem Statement
Mixed convection flow within a vertical cylindrical annulus containing an electrically conducting fluid is studied by considering the effects of suction/injection and radial magnetic field. The image of the geometry related to the annulus which contains an electrically conductive fluid along with its boundary conditions is shown in Fig. 1 . The z-coordinate is considered along the annulus axis and the r-coordinate is perpendicular to it. The radius of the internal and external cylinders is a, and b, respectively, and the surface temperatures of the internal and external cylinders are, respectively, equal to T 1 and T o (T 1 > T o ). Since the length of the annulus is infinity, all physical parameters are function of r, except for the pressure gradient that is function of z. It is assumed that the fluid is suctioned/injected from the walls of the annulus and a magnetic field is applied on it radially with a size equal to B 0 a/r. The mixed convective flow of the fluid is investigated in various states, when the internal and external cylinders or both move in the selected directions with constant velocities equal to Au 0 and Bu 0 , respectively, and for different values of A, and B.
Governing Equations, Boundary Conditions, and Credibility
The fluid is considered laminar, steady, Newtonian, incompressible and fully developed. By applying no-slip condition to the walls and by using the Boussinesq approximation, conservation equations including continuity, momentum and energy, are expressed as Eqs. (1)- (3) . A key point to note here is that in writing these equations, the axial conduction of the fluid and walls as well as the viscous dissipation and the effects of compressibility are neglected.
Continuity equation
Energy equation
Here, q, C p , r, and b are density, specific heat, electrical conductivity, and thermal expansion coefficient of the fluid, respectively.
The boundary conditions are as follows:
In which A and B are constant. It is noted that if both of these constants are equal to zero, then a stationary state for the annulus is indicated. The following nondimensional quantities are introduced:
Substituting these nondimensional quantities in the momentum and energy equations and integrating Eq. (1), the following results are obtained:
Momentum equation
Relation (6) gives the velocity component in r direction and the nondimensional boundary conditions would be
At any cross section of the annulus, mean velocity is obtained from Eq. (10) which is regarded as the reference velocity (u o ). Besides, dimensionless volumetric flow rate (Q), which is considered constant at any cross section of the annulus, would be obtained from Eq. (11), as
By employing the boundary conditions in Eq. (9) and integrating Eqs. (7) and (8), the results of exact solution are obtained as Eqs. (12) and (13) h
The dimensionless bulk temperature can be defined as the following equation:
And the dimensionless shear stress and the Nusselt number on the cylinders' wall are defined as Eqs. (15) and (16) 
In which C 1 , C 2 , and d 1 -d 7 are constant coefficients that they are defined as following:
To demonstrate the exactitude and accuracy of the present study, the obtain results of this study for velocity profile are compared with the work of Jha and Aina [26] . This comparison is performed for the following conditions in this reference as no magnetic field, Knudsen number, Kn ¼ 0, the outer cylinder wall temperature is greater than the inner temperature wall, the cylinder walls are stationary and the Prandtl number and mixed convection parameter are considered equal to 7 and 50, respectively. It is also assumed that the fluid is suctioned on both walls. This comparison is presented in Fig. 2 . As it can be seen the consistency between the results is evident.
In Sec. 4, numerical results for some selected values of the parameters involved are presented.
Results and Discussion
In this section, some numerical results are presented for selected values of the effect of the motion of cylinders' walls on the flow and heat transfer of electrically conducting and other active parameters, including Hartman number (Ha), Prandtl number (Pr), suction/injection parameter (S), radial ratio (k), Nusselt number (Nu), and mixed convection parameter (g). As mentioned earlier, we are considering that the direction of heat transfer is from the inner cylinder wall to the fluid, meaning that the inner wall is in higher temperature respected to the fluid and the fluid temperature is initially same as the outer wall temperature.
Also, according to Fig. 1 , since the surface of the internal and external cylinders are perforated, S > 0 indicates a state that an injection occurs in the cylinders' wall toward the annulus axis and S < 0 expresses the inverse of aforesaid state. Fig. 3 . Since the temperatures of internal and external cylinders are higher than the temperature of fluid, the fluid temperature rises due to the heat transfer between the fluid and the walls. If S > 0, increase of volume of flow, the temperature of the fluid would decrease against the heated wall of internal cylinder. The value of temperature reduction would also be augmented by increasing S. However, if S < 0, the opposite of these results will take place. It is worth mentioning that the increase of Prandtl number reduces the thickness of the thermal boundary layer which means increasing the slope of the dimensionless temperature curve near the wall surface. This effect can be seen comparing the curves related to Pr ¼ 2 and Pr ¼ 7 in Fig. 3 .
Temperature Difference
Analysis. The dimensionless temperature variations within the annulus for different values of suction/injection parameters in various Prandtl numbers are depicted in
Fluid Flow
Analysis. The variations of fully developed dimensionless velocity in different states when each of the internal and external cylinders move in the same direction or in the opposite direction of the z-axis is presented here. In Figs. 4(a) and 4(b), one of the walls is stationary and the other one moves at a constant velocity. In Fig. 4(c) , both walls move at a uniform velocity. As already mentioned, the volumetric flow rate of the fluid is considered constant at any cross section of the annulus. Therefore, the volumetric flow rate of the fluid decreases when the wall of the cylinder moves in the opposite direction of z-axis and the compensation of its values is accomplished by increasing the pressure difference and the fluid velocity. On the other hand, increasing the values of the wall velocity in the direction of z-axis causes the maximum velocity to decrease and the velocity profile to approach the moving wall. However, the results are just the reverse for the situation in which the wall of the cylinder moves in the opposite direction of z-axis. It is worth noting that the various states of walls' motion and its impact on the dimensionless velocity profile are shown in Fig. 4(d) . It is evident that when the internal wall moves in the direction of z-axis, the maximum velocity is higher than the situation in which the external wall moves. In fact, this is owing to the presence of the buoyancy force near the heated wall of the internal cylinder.
The variations of the fully developed dimensionless velocity for different values of Hartman numbers are illustrated here. As in Figs. 5(a)-5(c), the fully developed velocity profiles have a parabolic shape in the absence of a magnetic field and the maximum velocity occurs near the middle of the radial distance between two the cylinders in the annulus. However, by applying radial magnetic field, the Lorentz force is exerted axially to the flow of the electrically conducting fluid and as a consequence, the value of the velocity gradient increases near the walls and the velocity profile takes a flat form, meaning that its curvature decreases. Since the radial magnetic field which is applied to the fluid flow has an opposite relation with the radius (B 0 a/r), larger Lorentz force is exerted to the fluid near the internal cylinder and its effect will be lessened by approaching the external cylinder.
With regards to Fig. 5(c) , as the internal cylinder is moving in the absence of a magnetic field, the point in which the maximum velocity occurs will be created adjacent to the heated wall. However, by increasing the intensity of the magnetic field and overcoming the Lorentz force over the buoyancy force and the momentum, the velocity profile takes a flat shape, meaning that its curvature decreases. Hence, for Ha ¼ 20 and Ha ¼ 40 a turning point has been created. Hence, for Ha ¼ 20 and Ha ¼ 40 a turning point has been created. Besides, in Fig. 5(d) , two extremum points are created due to the movement of both walls and the graph has a turning point. Due to movement of both wall this turning point exist even in the absence of magnetic effect.
In Figs. 6(a)-6(d), the effect of the variations of transpiration parameter on the dimensionless velocity of the fluid is presented for different states of internal and external cylinders' movement. As it can be seen, the presence of suction/injection on the wall of the internal and external cylinders will lead to velocity variations. In the case of S > 0 and compared to no transpiration situation, the extremum points in the velocity profile will move toward the internal wall. In other words, the injection of fluid increases its velocity in the vicinity of the internal cylinder. The opposite of this situation will happen in the case of S < 0. In the case of injection, S > 0, the velocity in the vicinity of internal wall increases and the volume of fluid in its vicinity also increases. In the case of suction, though, the velocity in the vicinity of the external wall is increased and the volume of fluid in its surrounding increases.
For instance, according to Fig. 6(d) , if S is equal to zero (S ¼ 0), then the maximum point of the velocity happens near the heated wall of the internal cylinder owing to the creation of buoyancy force. Moreover, the minimum point of the velocity occurs in the vicinity of the cold wall of the external cylinder. In this respect, the graph has a turning point.
The effects of the variations of mixed convection parameter (g) on the fully developed dimensionless velocity for different states of internal and external cylinders' movement are illustrated in Figs. 7(a)-7(d) . It is worthy to note that the mixed convection parameter is a dimensionless number which describes the ratio of the Grashof number to the Reynolds number. As it can be seen, the buoyancy force adjacent to the heated wall is strengthened by increasing g and it will lead to the noticeable increase of fluid velocity against the heated wall. When both walls move together, the fluid has initially more velocity against the cold wall and application of the radial magnetic field and overcoming Lorentz force over buoyancy force is reasoned. However, by increasing g, the buoyancy force gradually dominates the Lorentz force and the fluid velocity increases in the neighborhood of the heated wall.
Heat Transfer Analysis.
The effect of variations of mixed convection parameter on the Nusselt number is given in this section in various states when each of the internal and external cylinders move in the same direction or in the opposite direction of the z-axis. The dimensionless Nusselt number is a parameter which indicates the ratio of convection heat transfer to the conductive heat transfer and it can be calculated on the walls of internal and external cylinders according to Eq. (16) . As it can be seen, the buoyancy force is reinforced by enhancing g near the wall of the internal cylinder and it causes, respectively, the increase and decrease of Nusselt number on the walls of internal and external cylinders in different states of internal and external cylinders' movements. As presented in Figs. 8(a)-8(d) , one of the walls is stationary and the other one moves at a constant velocity. The Nusselt number increases and decreases, respectively, on the walls of internal and external cylinders when the velocity of the internal wall gets larger from negative to positive values. The velocity variations in the wall of the external cylinder reveal the inverse of the above results. In Figs. 8(e) and 8(f) , the different states of the motion of cylinders' walls and its effects on the Nusselt number are illustrated. It is worth noting that if the internal cylinder moves in the same direction of z-axis and the external cylinder is stationary, the maximum and minimum heat transfer occur on the walls of the internal and external cylinders, respectively. Moreover, the inverse of these results will be obtained for the Nusselt number if the external cylinder is stationary and the internal cylinder moves in the opposite direction of z-axis.
The impact of increasing the Prandtl number and the changes of radial magnetic field intensity on the Nusselt number are shown in Fig. 9 . The dimensionless Prandtl number is a criterion for comparing the diffusion of fluid's momentum against the thermal diffusion. Therefore, it is predictable that with the increase of Prandtl number, the thermal diffusion decreases against the diffusion of fluid's momentum and the thickness of the thermal boundary layer diminishes. Consequently, by augmenting the Prandtl number, Nusselt number increases due to the thickness reduction of thermal boundary layer near the internal cylinder's wall. As it can be observed, the fluid temperature decreases near the wall of internal cylinder through increasing the Hartman number and applying the Lorentz force. Besides, by enhancing the temperature difference between the heated wall's temperature and the bulk temperature of the fluid, the fluid is cooled and the Nusselt number decreases. But the Nusselt number on external wall by increases by increasing the Hartman number and decreases by increase of Prandtl number. Note that this is exactly the inverse of what happens on the internal wall.
The graph of the Nusselt number variations on the internal and external cylinders' walls for different radial ratios and various suction/injection parameters are displayed in Fig. 10 . According to this figure, with the increase of S parameter, the Nusselt number is approximately constant for the internal cylinder within the limits of S < 0 and it increases with a slight slope; however, the Nusselt number gets larger with the increase of S in case of S > 0. This is because when S > 0 the fluid volume entering the wall increases and therefore the existing boundary layer thickness on the inner wall to decrease which causes abrupt increase in Nusselt number. But when S < 0 the changes in boundary layer thickness is not sensible and thus the Nusselt number is almost without change. Note that this trend is the same for all radial ratios. It should be mentioned that by the same argument and for the external wall for S > 0 Nusselt number is approximately with no change as S increases and for S < 0 Nusselt number increases as S decreases and k increases.
Surface Tension Analysis.
The effect of increasing mixed convection parameter on the shear stress in different states of internal and external cylinders' movements are illustrated in Fig. 11 . Since the shear stress has a direct relation with the velocity gradient, the increase of g reinforces the buoyancy force and the velocity gradient increases near the heated wall of the internal cylinder. Accordingly, the shear stress increases in different states of internal and external cylinders' movement. Thus, as expected, the shear stress is higher than the rest of the states for internal cylinder when two cylinders move in the opposite direction of z-axis and it is the lowest when both the internal and external cylinders move at a constant velocity in the same direction of z-axis. It is notable that the reverse of these results takes place for the shear stress on the external cylinder.
The impacts of the changes of the radial ratio (k) between two cylinders, Hartman number (Ha) and suction/injection parameter on the shear stress of the fluid are presented in Fig. 12 . Regarding this figure, it is evident that in the absence of the magnetic field and with increasing S parameter, the shear stress increases on the wall due to the augmentation of velocity gradient.
Also, in the presence of radial magnetic field, the Lorentz force is the dominant force on the flow and the shear stress decreases with the increase of S parameter. In addition, as it can be seen, the velocity gradient turns to negative and, as a result, the shear stress also becomes negative through applying the magnetic field. In addition, with increasing k, the velocity gradient decreases in the adjacency of both internal and external cylinder's wall and the shear stress also diminishes.
Conclusions
In this paper, an exact solution has been obtained for the mixed convective flow of an electrically conducting fluid in vertical cylindrical annulus in the adjacency of a radial magnetic field. The graphs of the velocity, temperature, shear-stress and Nusselt number have been provided for different values of Hartman number, mixed convection parameter, suction/injection parameter and radial ratio in complete range of states of internal and external cylinders' movement. Following results have been concluded:
The fluid injection (S > 0) increases its velocity in the vicinity of the internal cylinder's wall and the Nusselt number increases on this wall with the enhancement of S. Increasing the mixed convection parameter (g) gives rise to the buoyancy force and causes the fluid velocity to increase in the vicinity of internal cylinder's wall. In this regard, the Nusselt number and the shear stress increase on the internal cylinder's wall for different states of internal and external cylinders' movements. If the internal cylinder moves in the same direction of z-axis and the external cylinder is stationary, the maximum and minimum heat transfer occur on the walls of the internal and external cylinders, respectively. Moreover, the inverse of these results will be obtained for the Nusselt number if the external cylinder is stationary and the internal cylinder moves in the opposite direction of z-axis. By augmenting the Prandtl number, the Nusselt number increases and decreases, respectively, on the walls of the internal and external cylinders due to the thickness reduction of the thermal boundary layer near the wall of the internal cylinder. By applying radial magnetic field, the Lorentz force is exerted axially to the flow of electrically conducting fluid and it causes the velocity profile to take a flat form. In the absence of the magnetic field for the wall of internal cylinder, the shear stress increases with the enhancement of S and on the other hand, the shear stress decreases in the presence of the magnetic field. The Nusselt number and the shear stress decrease and increase, respectively, on the wall of internal cylinder through increasing the Hartman number and applying the Lorentz force. The increase of k reduces the shear stress and enhances the Nusselt number on the wall of the internal and external cylinder.
Consequently, the flow and heat transfer rate of fluid in vertical cylindrical annulus can be improved by changing the effective parameters used in this paper. 
